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Abstract 
In this paper, we present 16 new types of three holey mutually orthogonal Latin squares 
(3-HMOLS for short) with equal-sized holes, along with 7 sets of 4-HMOLS, 2 sets of 6- 
HMOLS, and 34 sets of 7-HMOLS. We also provide some new sets of HMOLS that have n 
holes of size 2 and one hole of size 3. 
I .  In t roduct ion  
Given a set S, let ~ = {$1,$2 . . . . .  S,,} be a set of disjoint subsets of S. A holey 
Latin square having hole set ~'~ is an ISI x ISI array L, indexed by S, satisfying the 
following properties: 
1. every cell of L either contains a symbol of S or is empty, 
2. every symbol of S occurs at most once in any row or column of L, 
3. the subarrays indexed by S,. x Si are empty for l~<i ~<n (these subarrays are 
referred to as holes), 
4. symbol s E S occurs in row or column t if  and only if 
(s,t) ~ (S x S)\ Ul~i~,(si x sit 
The order of L is ISI. Two holey Latin squares on symbol set S and hole set 
ju{. are said to be orthogonal i f  their superposition yields every ordered pair in 
(S x s ) \U l~<i~<,(s /x  si). The existence of k (~>3) holey mutually orthogonal Latin 
squares (k-HMOLS) on S is an important opic in design theory [4] and has been 
investigated by many researchers [5,6,8-10,  1-3]. 
In this paper, we are interested in k-HMOLS on S, where .~' = {Sl, $2 . . . . .  Sn} is a 
partition of S. The type of these HMOLS is defined to be the multiset {IS, I : 1 <~i<~n}. 
As is usually done in the literature, we use an 'exponential' notation to describe types: 
(tl, t2,... , t s ) denotes a occurrences of tl, b occurrences of t2 . . . .  , c occurrences a type a b c 
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Table 1 
Unknown 3-HMOLS(h ~) 
h n 
2 15 18 20 22 24 28 
3 [ ]  10 12 14 16~20 22 24~][ ]  
5 610 
6 710 16~]~]20[ -~]  
of ts. Recently, the existence of 3-HMOLS of type h" with h >~ 2 has been established 
except possibly for 26 pairs (h,n) in [3]. We summarize the known results in the 
following theorem. 
Theorem 1.1. 1. There exist 3-HMOLS of type ln for all integers n >~ 5 except n = 6 
and possibly n = 10. 
2. I f  h >1 2 and n >~ 5, then there exist 3-HMOLS of type h ~, except possibly for 
the 26 pairs (h,n) listed in Table 1. 
We shall provide new constructions of 3-HMOLS(h n) for the 19 pairs (h, n) unboxed 
in Table 1. This updates the result of Theorem 1.1. Some of these 3-HMOLS(h ") are 
given in the form of 4-HMOLS(h "). Altogether, we provide 7 new types of 4-HMOLS 
with equal-sized holes. We also provide some new sets of k-HMOLS of type (2 ", 31 ) 
for k =3,4.  
2. Holey quasi-difference matrices 
Before starting this section we make an easy remark. It is well known that 
k-HMOLS of order n are equivalent to a holey orthogonal array OA(k + 2,n), where 
the transpose of any (i,j, aijl,... ,aijk) is a column of the OA, and aijt is the (i,j)-entry 
of the tth Latin square, 1 <~t<~k, 1 <<.i,j<~n. It is also known k-HMOLS or a holey OA 
can frequently be obtained from a holey quasi-difference matrix. Let (G, +)  be a group 
of order v and let H C G be a subgroup of order h. A holey quasi-difference matrix 
(HQDM) with parameters v,h,u,21,22 and k, denoted by (v,h,u,21,22;k)-HQDM, is 
an array A = (aij) having k rows and 21(v-  h + 2u)+ 22h columns so that each entry 
is either empty or contains an element of G and: 
1. each row contains 2~u empty entries; 
2. each column contains at most one empty entry; and 
3. for any two distinct rows s and t, the list of differences as,j --at, j contains each 
element of G\H exactly 21 times, and each element of H exactly 22 times (dif- 
ferences with empty entries are undefined). 
The following result can be easily established [11]. 
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Lemma 2.1. I f  there exists a (v,h,u, 1,0;k + 2) -HQDM then there exist k -HMOLS 
of  type (h ~/h, H 1 ). 
Most of our constructions can be viewed as an application of the above lemma. 
Unless explicitly stated, we always use the cyclic group Z~, and the subgroup H = 
{iv/h I 0~<i < h} in the construction of (v,h,u, 1,0;k + 2)-HQDM. 
We do one example in some detail. Consider the array 
l 
_ _  m m 
000 
A= 815 
386 
293 
Replacing each column (a,b,c ,d,e)  v of A by the five columns 
a 4e 42d 43c 44b 
b 4a 42e 43d 44c 
c 4b 42a 43e 44d 
d 4c 42b 43a 44e 
e 4d 42c 43b 44a 
with arithmetic modulo 11, and where multiplying - (empty entry) by a scalar always 
yields -, we obtain a 5 x 15 array. Appending the column (4, 5,9,3, 1) T yields a 
(11, 1,3, 1,0; 5)-HQDM, where G=Zl l  and H={0}.  From this HQDM we can obtain 
the first rows of 3 HMOLS of type (111,31 ); developing other rows from the first one 
modulo 11, we obtain the entire 3 HMOLS. Throughout these arrays, 0 is used to 
denote the value 10: 
5927yxz641380 0659473yzx218 
2 6038yxz75490 x 0760584yz329 
63  7049yxz8501 zx  1870695y430 
974 8150yxz602 yzx  2981726540 
z085 9260yx713 7yzx  329280651 
xz096 0371 y824 18yzx  40239762 
yxz  107  0482935 029yzx  5104873 
3yxz208 159246 5030yzx  621984 
04yxz319 26057 26140yzx  73295 
705yxz420 3168 437251 yzx  8026 
4816yxz530 279 9548362yzx  107 
89001234567 34567890012 
12345678900 89001234567 
56789001234 67890012345 
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8xyz936205471 
6 9xyz04730582 
17 Oxyz0584693 
528 Oxyz  169704 
0639 1 xyz27805 
80740 2xyz3916 
491850 3xyz027 
z502961 4xy038 
yz603072 5x  149  
xyz714083 6250 
7xyz825 194 360  
23456789001 
90012345678 
34567890012 
Finding complete HQDM of large k is apparently a difficult task. One therefore 
generally makes some simplifying assumptions to assist the search. The common one 
is to assume that an HQDM admits an automorphism group with a suitable order (the 
above example shows a different way of using the automorphism). In general (see [11]), 
if an HQDM admits an automorphism, then the whole HQDM can be developed from 
a portion of the HQDM. The automorphisms in such an HQDM are frequently taken 
to be group addition and multiplication by an mth root of unity for some m. Below 
we give some HQDMs admitting automorphisms of this type. These same techniques 
have been used in [3, 7,8]. 
3. 3-HMOLS(h") 
Lemma 3.1. There exist 3-HMOLS(h n) for each pair of 
(h,n) E {(2, 15),(2, 18),(2,22)}. 
Proof. For each pair (h, n), we form a (h (n -  1 ), h, h, 1,0; 5)-HQDM by replacing each 
column (a, b, c, d, e) x by (a, b, c, d, e) x and ( -a ,  -b ,  -c ,  -d ,  -e )  T in the matrices below. 
- 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
O-  1 2 3 4 5 6 7 8 910111213 
25 25 - 11 18 27 21 24 8 16 26 6 5 19 15 
2112 10 - 626 231727 21 4 913 825 
271921 23 - 22 1125 12 2413 27 810 26 
(h,n) --- (2, 15): 
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(h,n) = (2, 18): 
- 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 -  1 2 3 4 5 6 7 8 9 l0 1112 13 14 15 16 
2 27 - 31 33 18 15 24 26 29 32 11 14 4 25 21 6 22 
23 21 30 - 15 8 7 22 33 32 18 23 10 9 6 20 29 31 
31 18 24 27 - 12 29 13 28 14 31 8 30 11 33 9 19 32 
(h,n) = (2,22): 
- 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 - 1 2 3 4 5 6 7 8 9 l0 ll 12 13 14 15 16 17 18 19 20 
1 2 - 11 8 7 9 13 15 22 24 16 37 36 25 39 28 38 19 41 30 l 0  
3 19 33 - 31 29 6 41 20 35 39 12 27 18 17 38 34 5 26 10 14 40 
40 29 11 28 - 38 19 7 24 17 22 15 41 6 2 32 8 12 37 33 16 39 [] 
Lemma 3.2. There exist 3-HMOLS(h n) for each pair of 
(h,n) E {(2,20), (5,6),(5, 10),(6,7),(6, 16),(6,20)}. 
Proof l  Let us define automorphisms T1, T2, T3 and T4 as follows: 
Tl(a,b,c,d,e) = (b,c,d,e,a), 
T2(a,b,c,d,e) = (21e, 21a,21b, 21c,21d), 
T3(a,b,c,d,e) = (31a, 31b, 31c, 31d, 31e), 
T4(a,b,c,d,e) = (a,e,d,c,b). 
For (h,n) = (2, 20), a (38,2,2, 1,0; 5)-HQDM is obtained by applying the group of 
order 10 generated by T1 and T4 to the columns of the matrix below: 
- 0 0 0 
0 42426 
1 37 34 3 
26 29 16 20 
15 35 7 36 
For (h,n) = (5,6), a (25,5,5, 1, 0; 5)-HQDM is obtained by applying the group of 
order 5 generated by T2 to the columns of the matrix below: 
0 
0 0 0 0 0 1 
1 2 4 61218 
24 1 23 9 18 22 
18 13 16 7 21 24 
6 R.J.R. Abel, H. Zhang/Discrete Mathematics 181 (1998) 1-17 
For (h,n) = (5, 10), a (45, 5, 5, 1,0; 5)-HQDM is obtained by applying the group of 
order 5 generated by Tl to the columns of  the matrix below: 
0 0 0 0 0  
0 0 0 0 0 3 15 30 33 1 
37 19 5 7 8 26 31 13 8 11 
16 5 22 19 14 10442430 5 
12 4 11 17 1 24 3 5 1043 
For (h,n) = (6, 7), a (42, 6, 0, 1, 0; 5)-HQDM is obtained by multiplying each column 
of  the array below by 1, 25 and 252: 
0 0 0 0 0 0 0 0 0 0 0 0 
1 2 3 4 5 6 9 10 1113 1820 
2 1 11 10 16 36 31 41 26 39 3 12 
4 41 26 23 3 32 13 40 6 15 30 37 
41 39 16 8 34 38 12 36 29 19 27 25 
For (h,n) = (6, 16), a (96,6,0, 1,0; 5)-HQDM is obtained by applying the group of 
order 10 generated by 7'1 and T3 to the columns of the matrix below: 
0 0 0 0 0 0 0 0 0 
1 4 8 14 17 44 67 82 91 
87 57 30 52 58 79 44 38 14 
94 40 35 33 24 75 78 81 84 
93 15 75 69 54 57 90 72 51 
For (h, n) = (6, 20), a ( 114, 6, 6, 1, 0; 5)-HQDM is obtained by applying the group of 
order 30 generated by T1 and T3 to the columns of  the matrix below: 
- 0 0 0 
0 1 5 9 
101 91 66 109 
14 85 56 113 
87 111 102 112 [] 
We now consider the filling-hole construction. 
Lemma 3.3. There exist 3-HMOLS(319, 151). 
Proof. A (57, 3, 15, 1,0; 5)-HQDM is obtained by multiplying each column of the array 
below by 1, 7 and 72: 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 1 2 3 4 5 6 8 lO 11 12 15 16 22 23 24 29 30 31 
1 31 42 43 48 9 12 33 37 41 28 35 34 45 20 56 51 54 53 47 49 55 52 
lO 15 25 55 46 6 16 26 17 52 2 37 53 18 8 33 39 44 49 54 25 15 lO 
15 29 16 9 45 4 29 27 14 23 34 20 17 3 31 55 42 45 51 49 52 54 56 
[] 
R.J.R. Abel, H. Zhan,q/Diserete Mathematics 181 (1998) 1 17 7 
Lemma 3.4. There exist  3 -HMOLS(219,  101 ). 
Proof. A (38, 2, 10, 1,0; 5)-HQDM is obtained by multiplying each column of the array 
below by 1 and -1 '  
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 1 2 3 4 5 6 7 8 9 l0 ll 12 13 14 15 16 17 18 
I 2 33 34 35 27 28 29 30 31 13 18 32 34 22 33 2l 36 24 35 37 23 26 
3 32 28 33 22 10 12 20 23 16 32 31 5 8 13 37 35 24 27 29 17 34 36 
8 14 12 2 31 16 25 9 15 18 28 17 31 36 34 11 8 33 12 14 32 37 35 
[] 
Lemma 3.5. There exist 3 -HMOLS(222,  121 ). 
Proof. Let us define the automorphisms Ti and T2 as 
T l (a ,b ,c ,d ,e )  = (5e, 5a, 5b, 5c, 5d), 
T2(a ,b ,c ,d ,e)  = ( -a , -b , -c , -d , -e ) .  
We then apply the group of  order 10 generated by T1 and T2 to the columns of Al 
and the group of order 2 generated by T2 to the columns of A2. Appending the two 
results, we obtain a (44,2, 12, 1,0; 5)-HQDM. 
A1 - A2 = 1 2 4 
27 3 12 7 20 10 5 10 20 
30 17 33 25 9 1 25 6 12 
37 30 38 4 18 29 37 30 16 
0 0 0 0 0 0 91836 [] 
Coro l la ry  3.6. There exist  3 -HMOLS(hn) fo r  (h ,n )= (2,24),(2,28) and (3,24). 
Proof. We can fill 3-HMOLS(25) into 3 -HMOLS( f  9, 101), 3-HMOLS(26) into 3- 
HMOLS(222, 121), and 3-HMOLS(35) into 3-HMOLS(319, 15 t ) to obtain the desired 
result. [] 
In the remaining part of this section, we consider the construction of HQDMs where 
a noncyclic abelian group is used. In the following, a group is given as the product 
of  several cyclic groups of small orders, say Zv~, Zv2 . . . . .  Zv~. The addition of the 
elements in Z,,, × Zv2 x . . .  × Z~,~ is done as follows: For (al,a2 . . . . .  ak), {bl,b2 . . . . .  bk) 
in Z~:~ × Z,~ × . . .  × Z~,~, 
(aj,a2 . . . . .  ak) + (bj,b2 . . . . .  bk) 
= (al +mod v, bt,a2 +rood v2 b2 . . . . .  ak +rood vt bk). 
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Lemma 3.7. There exist 3 -HMOLS(h  n) Jor each pair o f  
(h,n) C {(3, 10),(3, 12),(3, 16),(6, 10)}. 
Proof. Given an integer function m, let us define automorphisms T1, T2 which will be 
applied to the columns of the matrices given below: 
T1 (a, b, c, d, e) = (m(a), m(b), m(c), m(d), m(e)), 
T2(a,b,c,d,e) = (e,a,b,c,d).  
(1) 
(2) 
Here m is a function mapping G onto itself; it also satisfies the following conditions: 
(i) re(x) = x for x C H (ii) re(x) ~ x for x E G\H,  (iii) m(x + y)  = m(x) + m(y)  for 
any x, y in G and (iv) m(m(m(x)))  = x for all x in G. 
For (h,n) = (3,10), let G = Z3 × Z3 × Z3, H = {(0,0,0),(0,0, 1),(0,0,2)}. The 
function m is defined by m(a,b,c) = (2a + b,2a, a + c). A (27,3,3, 1,0,5)-HQDM is 
obtained by applying the group of order 15 generated by Tj and T2 to the columns of 
the matrix below: 
- (0 ,0 ,0 )  
(0,0,0) (0,2, 1) 
(1,0, 1) (2,0,0) 
(2,2,2) (2, 1,2) 
(1,2,2) (2,2,2) 
For (h,n) = (3, 12), let G = GF(4,x 2 = x+ 1) × Z9; in addition, take H = 
((0,0),(0,3),(0,6)}. Here, the function m is defined by m(a,b) = (x .  a, 4.  b). A 
(36, 3, 0, 1,0; 5)-HQDM is obtained by applying the group of order 3 generated by Tl 
to the columns of the matrix below: 
(o,o) (o,o) (o,o) (o,o) (o,o) (o,o) (o,o) (o,o) (o,o) (o,o) (o,o) 
(0,1) (0,2) (1,0) (1,1) (1,2) (1,3) (1,4) (1,5) (1,6) (1,7) (1,8) 
(0,2) (0,7) (x 2, 1) (x2,5) (x2,4) (x2,0) (x2,7) (x2,3) (x2,2) (x2,6) (x2,8) 
(1,7) (x2,5)(x2,O)(x, 5) (0,7) (0,2) (1,5) (1,4) (x,4) (x,3)(x2,6) 
(x, 5) (x, 8) (1,7) (1,0) (x, 3) (x, 2) (0,7)(x2,1)(x, 6) (0,5)(x2,7) 
For (h,n) = (3,16), let G = Z3 × GF(16,x 4 = x+ 1); in addition take H = 
{(0,0),(1,0),(2,0)}. The function m is defined by m(a,b) = (a,x 5. b). A (48,3,0, 1, 
0; 5)-HQDM is obtained by applying the group of order 15 generated by 7"1 and T2 to 
the columns of the matrix below: 
(o,o) (o,o) (o,o) 
(2,X 5) (0, X 8) (0, X 4) 
(2,X I°) (2,X 7) (2,X 9) 
(0,x 11) (0,x 9) (2,x 5) 
(1,x 8) (2,x 11 ) (2,x 13) 
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For (h,n) = (6, 10), let G = Z3 × Z3 x Z3 x Z2; in addition, take H = {(0,0,0,0), 
(0,0,1,0) , (0,0,2,0) , (0,0,0,1) , (0,0,1,1) , (0,0,2,1)}.  The function m is defined 
by m(a,b,c,d) = (2a + b, 2a,2a + b + c,d). A (54,6,6, 1,0;5)-HQDM is obtained 
by applying the group of order 15 generated by TI and ~ to the columns of the 
matrix below: 
- (0 ,0 ,0 ,0 )  (0 ,0 ,0 ,0 )  
(0,0,0,0) (0,0,0,0) (0, 1,0,0) (0, ~,2,0) 
(1,0,2,1) (1,1,2,1) (2,2,2,1) (2,1,2,0) 
(0,2,2,0) (2,2,2,0) (1,2, 1, 1) (1,0,0,0) 
(1,1,0,0) (1,0, 1,0) (2,0,0,1) (2,2,2,1) [] 
4.  4-HMOLS(h")  
Lemma 4.1. There exist 4-HMOLS(2n) Jbr n C {8,9}. 
Proof. For (h ,n )= 
column of the array 
- 0 0 0 
0-  1 2 3 
10 12 - 8 4 
13 10 12 - 13 
8 21311 
12 13 4 3 8 
For (h,n) = (2,9), a 
of the array below by 
- 0 0 0 0 
0-  1 2 3 
14 11 - 14 4 
1 911-  1 
11 14 15 7 - 
7 13 10 5 14 
(2,8), a (14,2,2, 1, 0; 6)-HQDM is obtained by multiplying each 
below by 1 and -1 :  
0 0 0 0 
456  
13 3 9 
911 8 
5 8 10 
- 9 12 
(16, 2, 2, 1,0; 6)-HQDM is obtained by multiplying each column 
1 and 7: 
0 0 0 0 
4 6 911 
9 1 3 10 
3 10 4 14 
10 5 13 12 
- 12 7 15 [] 
Lemma 4.2. There exist 4-HMOLS(3n)Jbr n = 14, 19,20,21 and 22. 
Proof. Let w be a given cube root of unity in Zs,, or Z3, 3. We now define some 
automorphisms: 
Tl(a ,b,c ,d,e, f )  = (w.c ,w.a ,w.  b,w. f ,w .  d ,w.  e), 
T2(a,b,c,d,e,j ') = (b,c,a, f ,d ,e ) ,  
T3(a,b,c,d,e,f)  = (d,e, f ,a ,b,c) .  
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For each array Al listed below and a given w, we apply the group (of order 18) 
generated by T1, T2, T3 to the columns of A1. Similarly, for each array A2 below, we 
apply the group (of order 6) generated by T2, T3 to the columns of A2. A desired 
HQDM is then generated by appending the two results together. 
For n = 14, a (39,3,3, 1, 0; 6)-HQDM is obtained from A1 (w = 16) and A2 below: 
AI=-  0 0 A2= 1 
12 1 16 
16 32 22 
23 30 7 
8 35 34 
- 16 37 
For n = 19, a (57,3,0, 1, 0; 6)-HQDM is obtained from AI (w = 7) below: 
A l= 0 0 0 
3 26 29 
42 11 53 
55 48 54 
10 411 
15 47 55 
For n = 20, a (57,3,3, 1, 0; 6)-HQDM is obtained from AI (w = 7) and A2 below: 
A I= 0 0 0 A2= 1 
15 14 8 7 
46 41 44 49 
32 15 43 34 
5 37 15 10 
- 44 20 13 
For n = 21, a (63,3,0, 1,0; 6)-HQDM is obtained from A1 (w = 4) and A2 below: 
Aj=O00 
18 225 
37 53 8 
38 33 59 
14 26 40 
31 17 36 
A2 ~- 1 
4 
16 
29 
53 
23 
For n = 22, a (63, 3, 3, 1,0; 6)-HQDM 
A1 = 0 0 0 A2 = 1 11 
28 16 10 4 44 
10 5 41 16 50 
41 12 53 3 5 
17 53 40 12 20 
- 61 36 48 17 
is obtained from A1 (w = 4) and A2 below: 
[] 
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5. 7 -HMOLS(3")  
In this section, we present a new construction that can be used to construct most of 
7-HMOLS(3P), where p is a prime power and p ~ 1 mod 6. 
Lemma 5.1. There exist 7-HMOLS(3 p) Jbr each p in {31, 37, 43, 61, 67, 73, 79, 
97, 103, 109, 127, 139, 151, 157, 163, 181, 193, 199, 211, 223, 229, 241, 271, 277, 
283, 307, 313, 331, 337, 349, 367, 373, 379, 397}. 
Proof. Let p - 1 mod 3 be a prime power, and let x be a primitive element in GF(p).  
For t = 0, 1,2, let C(t) be the cyclotomic class {x i I i = t mod 3}. We have to obtain 
a 9 x 9 array D over Z3 × GF(p)  such that, for any 2 rows i!,i2 of D and any y,t  
in {0, 1,2}, there is a column j of D such that D( i l , j ) -  D(i2,j) is of the form (y,z) 
where z E C(t). In the following, D will then give the first 9 columns of the HQDM; 
for the other columns, multiply D by (1,u) for all u C C(0). In particular, D will be 
given as (A, B), where A is the 9 x 9 matrix consisting of the Z3 components in D, 
and B is the matrix of the same size consisting of the GF(p)  components in D. 
We will choose A as follows, which is a (3, 0, 0, 3, 0; 9)-HQDM (actually, it is a 
difference matrix without holes). 
A = 
AIA2A3 011 122 
A3 AI A2 where AI = 101  A2 = A3 = 212 
A2A3A! 110 221 
For B, we will assume that B is of the form 
BI B2 B3 
B = B3 B1 B2 
B2 B3 Bt 
where B1,B2,B3 are 3 × 3 circulant matrices. 
Because B is block-circulant, we only need to give its first row. Some suitable first 
rows of B for p in the lemma are given in Table 2 on the next page. [] 
6. 6 -HMOLS(2  n) 
In [8], Dinitz and Stinson established the following result. 
Theorem 6.1. I f  p = 1 rood 4 is prime and 29~<p~<97, then there exist 6 -HMOLS 
(2t'). 
In this section we shall use their method to obtain 6-HMOLS(2 p) for the prime 
powers p = 25 and 49. The method works as follows: 
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Table 2 
The first row of the matrix B in the proof of Lemma 5.1. 
p -  31 0 
37 0 
43 0 
61 0 
67 0 
73 0 
79 0 
97 0 
103 0 
109 0 
127 0 
139 0 
15l 0 
157 0 
163 0 
181 0 
193 0 
199 0 
211 0 
223 0 
229 0 
241 0 
271 0 
277 0 
283 0 
307 0 
313 0 
331 0 
337 0 
349 0 
367 0 
373 0 
379 0 
397 0 
26 17 18 2 27 20 
19 12 4 23 35 26 
17 20 28 24 31 38 
17 2 13 43 39 20 
17 4 53 14 21 57 
17 3 47 10 48 45 
17 4 25 68 18 48 
17 2 22 68 92 5 
I7 10 26 15 31 65 
17 4 21 58 95 8 
17 2 9 121 43 82 
17 2 4 11 80 28 
17 2 45 72 86 62 
17 2 31 83 94 28 
17 3 10 27 107 158 
17 2 19 166 152 148 
17 2 10 45 120 18 
17 3 I0 47 18 148 
17 2 12 55 7 45 
7 7 15 18 218 62 
7 7 13 159 19 40 
7 3 10 33 119 133 
7 2 4 146 3 11 
7 3 9 52 175 202 
7 3 9 26 122 164 
7 12 31 93 209 265 
7 2 26 45 136 24 
7 8 10 58 82 44 
7 3 21 13 59 112 
7 3 2 121 177 306 
7 4 2 44 198 155 
17 3 10 86 227 147 
17 2 13 39 358 373 
17 4 15 9 159 89 
First, let V = [ui, j] be the fo l lowing  8 x 8 matr ix.  (Note  that i f  the O's in V are 
replaced by  - l ' s  we have a Hadamard  matr ix  o f  order  8.) 
00001111 
00110011 
01010101 
01100110 
00111100 
01011010 
01101001 
00000000 
R.J.R. Abel, H. Zhanq/Discrete Mathematics 181 (1998) 1 17 13 
We now have to construct 2 vectors u = (ul,u2, ..., us), u' : (u'l, u2;.., u s,' ) both 
with entries from GF(p). Let x be a given primitive root of unity in GF(q); for 1 ~< i ~< 8, 
the first 8 entries in the ith row of our HQDM over GF(q)× Z2 will then be respectively: 
(lgi, Ui, 1 ), (X. bli, Ui, 2 ), ( x2'  Ui, Ui, 3 ), ( X3" bti, Ui, 4 ), (b/~, lgi. 5 ), (X" tll, 1,~i, 6 ), ( x2" b/~, /)i, 7 ), ( x3" b/l, l:i. 8 ). 
This then gives the first 8 × 8 submatrix of the HQDM. Further columns are obtained 
by multiplying the GF(p) components in these columns by x 4r for 0 < t < (p 1)/4. 
In [8], Dinitz and Stinson realised that the above procedure would give a (2n,2, 0, 1, 
0; 8)-HQDM, provided the ratios (u i -  Ui) /(u~- u~.) lay in certain cyclotomic classes 
Cr = {x ~' : a :- t mod 4}. For details of what these cyclotomic lasses should be, see 
[8]. We now give suitable solutions for the vectors u and u ~ when p = 25 and 49. 
For p = 25, let x be a primitive element satisfying x2 = 3x + 2; here we take 
u = ( l ,3x+2,x ,  3 ,2x+4,2 ,x+3,4x+ 1), 
u' = ( l ,3x + 2,4x + 3,4,2,x + 3, 2x, 3x). 
For p = 49, let x be a primitive element satisfying x2 = 2x + 2; here we take 
u=( l ,2x  + 2,x,x +4,5 ,2x  +6,2x  + 3,3x + 1), 
u' = ( l ,2x + 2,6,5x + 5,6x +4,6x  + 5,4x +4,3x  + 6). 
7. HMOLS(2  n, 3 ~) 
In [3], the following theorem was established: 
Theorem 7.1. For any n~>6, there ex&t 3-HMOLS(2",31)  except possibly for n E 
{6,9, 10, 11, 12, 14, 15, 16, 17, 18, 19,21,22,23,24,26,27,31}. 
In this section, we provide seven sets of  4-HMOLS(2",31) and four sets of 
3-HMOLS(2", 31 ). Altogether, we removed seven open cases from the above theorem. 
The construction techniques used here are identical to those in the preceding sections. 
Lemma 7.2. There exist 3 -HMOLS(2  n, 31 ) Jor n = 11, 18, 22 and 23. 
ProoL For n = 11, let TI (a, b, c, d, e) = (3e, 3a, 3b, 3c, 3d). Applying the group of order 
5 generated by T1 to each column of array A1 and appending array A2, we obtain a 
(22,2,3, 1,0; 5)-HQDM: 
A I -  0 0 A2---- 1 
8 16 14 3 4 3 
2 21 15 10 21 9 
4 15 5 8 7 5 
0 0 0 13 20 15 
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For n = 18, a (36,2,3,0, 1; 5)-HQDM is yielded when replacing each column of the 
array below by its 5 cyclic shifts (i.e., apply the group of order 5 generated by T2 in 
the proof of Lemma 3.7): 
0 0 0 0 0 - - -  
5 9 13 12 17 0 0 0 
33 7 8 52723 3 16 
19 21 16 7 11 19 10 13 
25 11 17 6 15 10 25 1 
For n = 22, a (44, 2, 3,1, 0; 5)-HQDM is obtained by first applying the group of 
order 5 generated by T1, where 
Tl(a,b,c,d,e) = (5e, 5a, 5b, 5c, 5d), 
to each column of A1 and then appending the columns of A2: 
A1-  0 0 0 0 0 0 A2 = 1 2 8 
38 19 15 11 19 3 7 15 20 5 1040 
35 42 34 3 32 41 6 39 15 25 6 24 
32 36 23 6 25 12 31 40 32 37 30 32 
0 0 024  26 14 12 6 30 9 18 28 
For n = 23, a (46,2,3, 1,0; 5)-HQDM is obtained by replacing each column of the 
following array over/46 by its 5 cyclic shifts: 
0 0 0 0 0 0 0 
0 0 0 3 10 13 1225 2 1 
29 19 7 12 25 24 43 13 22 9 
15 11 29 36 9 14 15 27 16 7 
10 828293019 4 92013 [] 
Lemma 7.3. There exist 4-HMOLS(2n,31 ) for n = 7, 13 and 16. 
Proof. For n = 7, a (14,2,3, 1, 0; 6)-HQDM is obtained by multiplying each column 
of the array below by 1, 9 and 92: 
- 0 0 0 0 0 
0 -  1 2 3 6 
1 2 -  511 12 
3 1 13-  12 8 
11 6 5 8 -  9 
934109-  
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For n = 13, a (26,2,3, 1, 0; 6)-HQDM is obtained by multiplying each column of 
the array below by 1, 3 and 9: 
- 0 0 0 0 0 0 0 0 0 
0-  1 2 4 5 7 81417 
5 20 - 12 15 3 16 7 2 23 
14 18 7 - 12 15 8 23 9 16 
25 1 25 11 - 19 22 12 6 24 
22 9 18 21 22 - 10 19 24 25 
For n = 16, a (32,2,3, 1, 0; 6)-HQDM is obtained by replacing each column of the 
array below by its 6 cyclic shifts: 
0 0 0 - - -  
1 21 15 0 0 0 
10 12 23 14 18 19 
6 2 1 25 6 26 
18 8 25 23 8 20 
3 1 28 28 21 15 [] 
Lemma 7.4. There exist 4 -HMOLS(2n ,31) Jb r  n = 19, 31, 37 and 43. 
Proof. Let w be a given cube root of  unity in Z2n, and define automorphisms Ti, T2, T3 
as in Lemma 4.2. As there, we apply the group (of order 18) generated by T1, T2, T3 
to the columns of Al, and the group (of order 6) generated by 7"2, T3 to the columns 
of A2. The required HQDM is then obtained by appending the two results together. 
For n = 19, a (38,2,3, 1, 0; 6)-HQDM is obtained from A~ (w = 7) and A2 below: 
A l= 0 0 A2= l 
2 24 7 
7 9 l l  
30 4 24 
4 36 16 
- 31 36 
For n = 3 
A 1 = 
l, a (62,2,3, 1,0;6)-HQDM is obtained from A~ (w = 5) and A 2 below: 
0 0 0 A2 = 1 4 
42 46 2 5 20 
43 53 13 25 38 
29 52 16 12 46 
61 30 37 60 44 
- 29 52 52 34 
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For n = 37, a (74,2,3, 1, 0; 6)-HQDM is obtained from A1 (w = 47) and A2 below: 
A 1 = 0 0 0 0 A2= 1 
20 66 34 22 47 
51 71 l0 49 63 
61 20 12 4 15 
25 50 21 66 39 
- 31 27 63 57 
For n = 43, an (86,2,3, 1, 0; 6)-HQDM is obtained from AI (w = 49) below: 
A 1 = 0 0 0 0 0 
16 68 2 18 54 
45 49 85 56 42 
3 12 44 58 70 
23 38 72 52 37 
- 29 21 39 9 [] 
8. Summary  
In this paper, we have provided some direct constructions of HMOLS with equal- 
sized holes: 16 sets of 3-HMOLS, 7 sets of 4-HMOLS, 2 sets of 6-HMOLS, and 34 
sets of 7-HMOLS. We also provided four new sets of 3-HMOLS of type (2n31) and 
seven new sets of 4-HMOLS of type (2n31 ). The main results can be summarized by: 
Theorem 8.1. 1. I f  n>~5, then there exist 3-HMOLS of type h n, except for (h ,n )= 
(1,6) and possibly for (h,n) E {(1, 10),(3,6),(3, 18),(3,28), (3,34),(6, 18),(6, 19), 
(6,23)}. 
2. There exist 7-HMOLS of type 3 p for all primes p _= 1 mod 6, 30 < p < 400. 
3. There exist 3-HMOLS of type 2n3 t for all n>~6, except possibly for n c 
{6,9, 10, 12, 14, 15, 17,21,24,26,27}. 
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